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Solutions to HW4

P.182 Ex.5

Solution

E(X) =
N∑
k=1

k · P (X = k)

=
N∑
k=1

k · 1

N

=
N(N + 1)

2
· 1

N

=
N + 1

2

E(X2) =
N∑
k=1

k2 · 1

N

=
N(N + 1)(2N + 1)

6
· 1

N

=
(N + 1)(2N + 1)

6

V ar(X) = E(X2)− E(X)2

=
(N + 1)(2N + 1)

6
− (N + 1)2

4

=
N + 1

12
[2(2N + 1)− 3(N + 1)]

=
N2 − 1

12

σX =

√
N2 − 1

12
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P.212 Ex.10

Solution
Let X be the random variable of the number of members who were born on
Independence Day. We have X ∼ b(26, 1

365
).

(a) Using binomial distribution

pi = P (X = i) =

(
26

i

)(
1

365

)i(
364

365

)26−i

p0 ≈ 0.93115

p1 ≈ 0.06651

p2 ≈ 0.00228

p3 ≈ 0.00005

(b) Using Poisson distribution

We approximate X by Poisson random variable Y ∼ po(λ), where λ = 26
365

.

pi ≈ P (Y = i) = e−λ
λi

i!

p0 ≈ 0.93125

p1 ≈ 0.06634

p2 ≈ 0.00236

p3 ≈ 0.00006
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P.258 Ex.4

Solution

P (−2 < X < 1) =

∫ 1

−2
f(x)dx

=

∫ 1

−2

e−|x|

2
dx

=
1

2

(∫ 0

−2
exdx+

∫ 1

0

e−xdx

)
=

1

2

(
(1− e−2) + (−e−1 + 1)

)
=

2− e−1 − e−2

2
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P.258 Ex.6

Solution
The density function of X is

fX(x) =


4x3

15
, if 1 ≤ x ≤ 2

0 , otherwise

Then the distribution function of X is

FX(t) =


0 , if t < 1∫ t

1

4x3

15
dx , if 1 ≤ t ≤ 2

1 , if t > 2

The distribution function of Y = exp(X) is

FY (t) = P (exp(X) ≤ t)

=

{
0 , if t ≤ 0

FX(ln(t)) , if t > 0

=


0 , if t ≤ 0 or ln(t) < 1

FX(ln(t)) , if 1 ≤ ln(t) ≤ 2

1 , if ln(t) > 2

=


0 , if t < e

FX(ln(t)) , if e ≤ t ≤ e2

1 , if t > e2

Suppose Y is a continuous random variable with density function fY .
Then fY = F ′Y almost everywhere.

F ′Y (t) =

0 , if t < e or t > e2

F ′X(ln(t)) · 1

t
, if e < t < e2

=

0 , if t < e or t > e2

4(ln(t))3

15t
, if e < t < e2
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Define

fY (t) =

0 , if t < e or t > e2

4(ln(t))3

15t
, if e ≤ t ≤ e2

Then we can check that∫ t

−∞
fY (x)dx = FY (t), for any t ∈ R.

Hence fY is a density function for Y .
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The distribution function of Z = X2 is

FZ(t) = P (X2 ≤ t)

=

{
0 , if t ≤ 0

P (−
√
t ≤ X ≤

√
t) , if t > 0

=

{
0 , if t ≤ 0

FX(
√
t)− FX(−

√
t) , if t > 0 (Note: FX(−

√
t) = 0)

=


0 , if t ≤ 0 or

√
t < 1

FX(
√
t) , if 1 ≤

√
t ≤ 2

1 , if
√
t > 2

=


0 , if t < 1

FX(
√
t) , if 1 ≤ t ≤ 4

1 , if t > 4

We have

F ′Z(t) =

0 , if t < 1 or t > 4

4(
√
t)3

15

1

2
√
t

, if 1 < t < 4

Define

fZ(t) =

0 , if t < 1 or t > 4
2t

15
, if 1 ≤ t ≤ 4

Then we can check that∫ t

−∞
fZ(x)dx = FZ(t), for any t ∈ R.

Hence fZ is a density function for Z.
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The distribution function of W = (X − 1)2 is

FW (t) = P ((X − 1)2 ≤ t)

=

{
0 , if t < 0

P (−
√
t ≤ X − 1 ≤

√
t) , if t ≥ 0

=

{
0 , if t < 0

FX(1 +
√
t)− FX(1−

√
t) , if t ≥ 0

=


0 , if t < 0

FX(1 +
√
t) , if 1 ≤ 1 +

√
t ≤ 2

1 , if 1 +
√
t > 2

=


0 , if t < 0

FX(1 +
√
t) , if 0 ≤ t ≤ 1

1 , if t > 1

We have

F ′W (t) =

0 , if t < 0 or t > 1

4(1 +
√
t)3

15

1

2
√
t

, if 0 < t < 1

Define

fW (t) =

0 , if t < 0 or t > 1

2(1 +
√
t)3

15
√
t

, if 0 ≤ t ≤ 1

Then we can check that∫ t

−∞
fW (x)dx = FW (t), for any t ∈ R.

Hence fW is a density function for W .
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